Abstract. The recently published E865 data on charged Ke4 decays and ππ phases are reanalyzed to extract values of the two S-wave scattering lengths, of the subthreshold parameters α and β, of the lowenergy constantsl3 andl4 as well as of the main two-flavour order parameters: ūu and Fπ in the limit mu = m d = 0 taken at the physical value of the strange quark mass. Our analysis is exclusively based on direct experimental information on ππ phases below 800 MeV and on the new solutions of the Roy equations by Ananthanarayan et al. The result is compared with the theoretical prediction relating 2a 0 0 − 5a 2 0 and the scalar radius of the pion, which was obtained in two-loop Chiral Perturbation Theory. A discrepancy at the 1-σ level is found and commented upon.
Introduction
Recently, a new measurement of K + e4 decay and of the ππ phase shift difference δ 0 0 − δ 1 1 has been published [1] by the Brookhaven E865 collaboration. New low-energy ππ scattering data constitute a rare event which has not happened since the last Geneva-Saclay experiment 25 years ago [2] , and the corresponding determination of the isoscalar Swave scattering length a 0 0 = 0.26 ± 0.05. The new experiment [1] improves the statistics by more than a factor of 10, and the outcome for a 0 0 is not only more accurate, but also points towards a smaller central value as expected by the standard version of Chiral Perturbation Theory (χPT) [3] . It is crucial to know the two S-wave scattering lengths a 0 0 and a 2 0 as precisely as possible and to avoid confusing their model-independent extraction from the data on one hand with theoretical χPT-based predictions on the other hand. This is the main purpose of the present paper. The principal model-independent tools of our analysis are Roy equations [4] and their recent solution by Ananthanarayan, Colangelo, Gasser and Leutwyler (ACGL) [5] . In a suitable kinematical range, Roy equations represent a rigorous consequence of general properties of the scattering amplitude: analyticity, unitarity, crossing symmetry and asymptotic bounds. The ACGL solution uniquely fixes the three phases relevant at low energies, δ 0 0 (E), δ . In this way, sufficiently precise data on phase shifts for 2M π < E < E 0 can be converted into a model-independent determination of the two S-wave scattering lengths. Conversely, the knowledge of a 0 0 and a 2 0 allows one to determine any other low-energy ππ observables which might be needed for a theoretical interpretation of experimental results in terms of the chiral structure of QCD vacuum. Unfortunately, the combination δ 0 0 − δ 1 1 near threshold (which is measured in K e4 experiments) is not strongly sensitive to a 2 0 , for a given a 0 0 , even if the former is allowed to vary over the whole Universal Band (UB). This can be seen explicitly, for instance, from the ACGL solutions of Roy equations. We will show (Sec. 3) that a model-independent and relatively accurate determination of both S-wave scattering lengths is nevertheless possible, if the existing K e4 data on δ 0 0 − δ 1 1 are combined with the older production data by Hoogland et al. [6] and by Losty et al. [7] , concerning the I = 2 S-wave for E < 800 MeV. Our result reads a 0 0 = 0.228 ± 0.012, a 2 0 = −0.0382 ± 0.0038. Subsequently (Sec. 4), Roy equations will be used once more to convert the S-wave scattering lengths into the determination of the subthreshold parameters α and β (as well as λ 1 . . . λ 4 ) introduced in Ref. [8] and under a different name (b 1 . . . b 6 ) in Ref. [9] . The expansion of the parameters α and β in powers of quark mass converges more rapidly than in the case of scattering lengths. The knowledge of subthreshold parameters is therefore used to extract the low-energy constants (LEC's)l 3 andl 4 , as well as the main twoflavour order parameters (Secs. 5 and 6). All this analysis is based on existing solutions of Roy equations as given by ACGL in Ref. [5] . In parallel, we construct an extended solution of Roy equations, incorporating the dependence on the value of phase shifts at the matching point E 0 = 800 MeV. This allows the control of the propagation of errors arising from the intermediate energy data, which was not possible using the published ACGL solution of Ref. [5] . Finally, our model-independent determination of scattering lengths and other low-energy parameters is compared with the theoretical prediction of the tight correlation between 2a 0 0 − 5a 2 0 and the scalar radius of the pion r 2 s [10] . If the latter prediction is combined with the E865 data alone [1] , one obtains a 0 0 = 0.218 ± 0.013, a 2 0 = −0.0449 ± 0.0033 assuming the value of the scalar radius r 2 s = 0.61±0.04 fm 2 . Our simultaneous fit to the K e4 [1, 2] and to the high-energy π + π + -production data [6, 7] suggests a discrepancy at the 1-σ level with the twoloop χPT prediction for 2a 0 0 − 5a 2 0 [10] . We point out that the treatment of symmetry breaking O(p 6 ) corrections in the scalar channel might be at the origin of this discrepancy (Sec. 7).
Theoretical motivation
Before we proceed further it may be useful to summarize briefly the main theoretical motivations which drive our interest in accurate low-energy ππ scattering experiments, eventually completed by independent experimental information of a different kind. In particular it is worth explaining why a small difference in the values of scattering lengths like the one mentioned in the introduction may be relevant. The reader who is mostly interested in the analysis and less in the interpretation of the new data can skip this section and proceed directly to the following one. Nothing in our analysis depends on theoretical ideas summarized here.
During the last two years our understanding of the pattern of chiral symmetry breaking in QCD has considerably evolved [11, 12, 13, 14, 15, 16] , in particular concerning the dynamical role of the number of light flavours. ππ scattering provides important information about the SU (2) × SU (2) chiral structure of QCD vacuum in the limit of massless u and d quarks. The theoretical interpretation of this information, however, remains incomplete unless one learns how to disentangle the influence of the strange quark. If the strange quark were massless, we deal with SU (3) × SU (3) symmetry, which is the theoretician's paradise [17] . The reason is that all remaining quarks (c, b, t) are heavy compared to the QCD scale, and consequently their influence on the chiral structure of the vacuum remains tiny. For the same reason, we would reach another (a priori different) paradise if the strange quark mass were sent to infinity. In these two limiting cases, the question of the pattern of chiral symmetry breaking reduces to the question of condensation of masslessqq pairs in the vacuum; ππ scattering would by itself suffice to detect and fully control this one-fermion loop effect. Unfortunately, the deplorable fact that we live in neither of these paradises [17] complicates the problem a bit. In the real world the strange quark is considerably heavier than u and d quarks and yet it is light compared to the QCD scale. Consequently, the vacuum gets polluted by massive virtualss pairs. One may wonder how this fact could affect the SU (2) × SU (2) chiral structure of the vacuum, which is merely a matter of massless u and d quarks. Indeed, there would be no such effect in the large-N c limit, in which the transition:
is forbidden and, consequently, strange and non-strange virtual pairs remain uncorrelated. Today we know that in the real world, the OZI-rule violating transition Eq. (1) is in fact rather important precisely in the vacuum channel [14] and that the resulting symmetry breaking correlation ss(ūu +dd) affects the SU (2) × SU (2) chiral structure of the vacuum. We call this phenomenon which proceeds via at least two fermion loops the induced quark condensate [16] . It is proportional to m s , it enhances the effect of the genuine condensate of massless quarks characteristic of the ideal world with SU (3) × SU (3) symmetry, and it would persist even if the latter would be absent. The situation can be summarized by the formula:
where Σ(N f ) denotes the v.e.v. − ūu of the lightest quark in the limit in which the first N f quarks become massless, whereas the second term represents the induced condensate with Z scalar > 0 proportional to the amplitude of the transition Eq. (1) in the scalar channel. Since Σ(3) is defined in the limit m u = m d = m s = 0 and since there are no more massive quarks left which would be sufficiently light to pollute the vacuum, Σ(3) = F 2 0 B 0 (in the current χPT notation) represents the true condensate of massless quarks of the SU (3) × SU (3) symmetric world. On the other hand, Σ(2), defined at m u = m d = 0 and the physical value of m s , is detected in low energy ππ scattering. Our original quest for the importance of quark condensation [18, 19] did not sufficiently emphasize the subtlety of the theoretical and experimental distinction between Σ(2) and Σ(3). Phenomenological indications in favour of a substantial OZI-rule violating transition, Eq. (1), were not yet available and the large-N c wisdom Σ(2) ∼ Σ(3) dominated our thinking. Today, we have to answer the more precise question whether the suppression of the quark condensate -expected in QCD due to the screening effect of multiflavour massless quark loops -is already visible for N f = 3.
The important consequence of the new E865 data [1] is that Σ(2) is sufficiently large to keep the two-flavour
π close to one [20] (see Sec. 6 for more details). However, we still do not know whether the observed size of Σ(2) reflects an important contribution of the genuine condensate Σ(3) or whether it is (at least partially) due to the induced condensate and to the strange quark mass, i.e. to the second term in Eq. (2) . In the latter case, the genuine condensate Σ(3) could be rather small and the corresponding threeflavour GOR ratio [12] has proposed a rapidly convergent sum rule that allows an estimate of the transition Eq. (1) and of the size of the induced condensate. Detailed studies of this sum rule [12, 13, 15] are compatible with a suppression of the condensate by a factor ∼ 2 when going from 2 to 3 flavours: X(3) ∼ X(2)/2 indicating that the two contributions to Σ(2) on the right-hand side of Eq. (2) should be of comparable size. It is rather difficult to make a precise quantitative statement here: the evaluation of the Moussallam's sum rule involves a few steps that include some unproved properties of the scalar form-factors and a certain model-dependence (of a similar type to the one in the phenomenological evaluation of the scalar radius of the pion [21] ). Hence, it is crucial to find an independent way of disentangling the genuine and induced condensate contributions to Σ (2) .
An analysis of ππ scattering exclusively based on SU (2) ×SU (2) χPT can never separate the two components of Σ(2) in Eq. (2), for the simple reason that it does not involve any information on the actual size of m s . On the other hand, an SU (3) × SU (3) analysis of suitable ππ observables supplemented by additional observables, such as M K or F K , directly sensitive to m s , can considerably restrict the possible values of three important parameters: i) the three-flavour GOR ratio
the quark mass ratio r = m s /m and iii) the pseudoscalar decay constant F 0 = F π | mu=m d =ms=0 . An example of a relation of this type is the strong correlation which exists between r and X(2) [11, 15] . Further restrictions can be obtained from the emerging analysis of K − π scattering [22] .
We are going to present this combined analysis in a separate paper [23] . It will be shown in particular that in order to be conclusive, one has to use extremely precise values of subthreshold ππ parameters α and β as the input of our analysis. Typically, the actual precision driven by the new E865 data analyzed in the following section will be just sufficient to reach conclusions about the suppression of the genuine condensate X(3) on the 1-σ level. Notice that a more precise measurement of low-energy ππ scattering is conceivable in more dedicated experiments which are either ongoing [24] or planned [25] .
3 The two S-wave scattering lengths
Extended solutions of Roy equations
The E865 data can be analyzed using a parametric representation of the solution of Roy equations for the ππ phase shifts. A set of dispersion relations derived by Roy [4] allows one to relate the phase shifts δ 
determined from data above s 0 . As stated in Ref. [5] , the behaviour of the phases above s 0 is less important than the boundary values, because they only affect the slope and the curvature of the solutions. With the experimental input encountered in practice, the system of Roy equations admits a unique solution provided that the matching point s 0 is carefully chosen (0.78 GeV ≤ √ s 0 ≤ 0.86 GeV). Moreover, for given boundary conditions (a 
The authors of Ref. [5] have provided explicit numerical solutions of the Roy equations for θ 0 = 82.0
• and θ 1 = 108.9
• . We have included in the parametrization of Roy equations' solutions 1 , an explicit dependence on θ 0 and θ 1 , generating solutions (with the same driving terms and experimental input above the matching point s 0 ) for nine different sets (θ 0 , θ 1 ) and a few tens of (a Following Ref. [5] , we parametrize our solutions, for energies below 800 MeV, as:
The dependence on a 
where:
1 We have used the standard routines of MINUIT for all the minimization and fitting procedures of this paper.
while, for each coefficient z i , the dependence on the phase shifts at the matching point is parametrized by:
where
The parameters s 
where θ 2 (a 0 0 , a 2 0 , θ 0 , θ 1 ) is parametrized following Eqs. (6) and (8) . The coefficients a j , b j , c j are collected in App. B. This parametrization describes our solutions to better than 0.3
• for the I = 0, 2, and 0.5
• for the I = 1 partial waves in the Universal band.
By setting θ 0 = 82.0
• , we can compare with Ref. [5] . We obtain slightly different Schenk parameters for the so-called reference point a 0 0 = 0.225 and a 2 0 = −0.0371, but the phase shifts are identical up to a few tenths of a degree. We obtain the same Universal Band, and only its lower half meets the consistency condition (Roy equations fulfilled in their range of validity
In the range of interest for a 0 0 , the gap between the parametrization of Ref. [5] and our Roy solutions is at most 0.3
• in the I = 0, 2 channels and 0.7
• in the I = 1 channel (for √ s ∼ 0.7 GeV and much smaller near threshold in all the channels). In order to extract both scattering lengths additional information has to be provided. The first constraint arises from the necessary consistency of the Roy solutions with the I = 2 data above the matching point. This forces the S-wave scattering lengths to lie within the so-called Universal Band. Unfortunately, this model-independent constraint is rather weak.
We make use of additional information by fitting a broader set of data below 800 MeV, namely Rosselet and E865 sets for I = 0, 1 [2, 1] and Hoogland (sol. A) and Losty sets for I = 2 [6, 7] . Notice that a similar fit has been considered in Refs. [5, 26] but without the E865 data (cf. Figs. 11 and 12 in Ref. [5] ).
We first perform a fit using the solutions of the Roy equations of Ref. [5] . The χ 2 is defined as:
, (11) where [δ A second fitting procedure can be followed, in which we use our solutions of the Roy equations to include the dependence on the phase shifts at the matching point (θ 0 , θ 1 ). The χ 2 is then defined as:
is our extended parametrization of Roy solutions. This fit, called "extended", leads to the same S-wave scattering lengths as the "global" fit: 
The results of these analyses are shown in Fig. 1 , where we have indicated the 1-and 2-σ contours for both determinations. These contours are defined respectively as A comment is in order here concerning our use of the ACM(A) I = 2 phase shifts by Hoogland et al. These were extracted following the method A, which is a conventional Chew-Low extrapolation to the pion pole of the measured t-channel (m = 0) helicity moments [6] (the beam momentum was 14 GeV/c). A similar method was used by Losty et al. [7] . A second method (B) is presented in Ref. [6] , which is based on an overall fit of an (absorption) model for the amplitude to all non-negligible s-channel helicity moments (m = 0 and m = 1). The method B involves extra assumptions and parameters, some of which exhibit unexpectedly rapid energy variations. No χ 2 is given in Ref. [6] (in a preliminary analysis [28] , based on a third of the data, a poor χ 2 was reported for method B). We have tried to use in our fit solution B of Ref. [6] instead of solution A. Due to the small error bars of the former, we did not succeed in obtaining a consistent description of both ACM(B) and E865-K e4 data within the ACGL solutions of Roy equations [5] . The minimum has χ 2 = 68/18 d.o.f. and is situated far outside the Universal Band. Such a fit has little meaning, since the ACGL solutions are valid exclusively inside the Universal Band. Solution ACM(A) is free from such difficulties.
It has been suggested in Ref. [5] that the difference between the phase shifts ACM(A) and (B) indicates sizeable systematic errors, and that the errors associated with ACM(A) solution should consequently be enlarged. It is not obvious to us that method B yields a correct estimate of the systematic errors inherent to method A -especially since the two methods do not use the same sample of data. We find it nevertheless useful to show in App. A and in Fig. 6 how our results would be modified if the errors in ACM(A) phase shifts were increased according to the prescription advocated in Ref. [5] . Let us mention here that these modifications barely affect the main conclusion. [10, 29] . This step is practically independent of the badly known O(p 4 ) constantl 3 but it requires an independent phenomenological determination of r 2 s and it is rather sensitive to the two-loop corrections (a more detailed discussion of this theoretical prediction can be found in Sec. 7). If one takes the value r 2 s = 0.61 ± 0.04 fm 2 , the prediction amounts to a narrow strip in the a 0 0 − a 2 0 plane, given in Ref. [10] and reproduced in Fig. 1 :
where the function G(a 
and the error bar is estimated within the theoretical framework defined in Refs. [10, 29] (see Sec. 7 of the present paper). The second step of the prediction procedure then consists in locating the actual position inside the narrow strip Eq. (16) (16) and (17) . It is seen from Fig. 1 that the 1-σ ellipses resulting from both fits "global" and "extended" are situated outside the CGL narrow strip despite the fact that they are entirely contained within the Universal Band required by the consistency of Roy equations solution. On the other hand, the 2-σ contours intersect the narrow strip. We thus conclude that there is a marginal (1-σ deviation) discrepancy between the theoretical prediction Eq. (17) and the result of the "global" and "extended" fits. This discrepancy will be further commented on in Sec. 7.
In order to make the comparison more quantitative, we can perform a fit to the E865 data alone, imposing by hand the correlation described by the narrow strip. A similar fit has been performed in Ref. [10] , leading to the central value a 0 0 = 0.218 (no uncertainty was indicated in that reference). Our fitting procedure is defined by:
where k runs only through the E865 points. We have obtained:
Scalar: a Fig. 1 . We refer to this fit and to the corresponding 1-σ ellipse as "scalar" to be compared with the "global" and "extended" fits. The meaning of χ 2 and of the standard deviation in the "scalar" fit should be taken with caution: The error bar 0.0008 arises from uncertainties in the experimental input, while the theoretical errors inherent in the estimate of O(p 6 ) corrections are more difficult to quantify. On the other hand, the fits "global" and "extended" are fully based on experimental data and corresponding errors.
Finally, we would like to briefly comment on the Olsson sum rule for 2a 0 0 − 5a 2 0 , as discussed in Ref. [5] . This sum rule converges slowly and demands good control over the asymptotic contribution, which is hard to obtain outside specific models. According to the model used for this purpose in Ref. [5] , the asymptotic contribution to 2a Fit results using either the Roy solutions of Ref. [5] (red, dotted ellipse -"global") or our parameterization of the Roy solutions (black, solid ellipse -"extended"). In each case, the thicker lines indicate the 1-σ ellipse, and the thinner ones the 2-σ contour. The Universal Band (delimited by the two straight lines) is drawn according to Ref. [5] , and the narrow strip (shaded region, cyan) related to the scalar radius of the pion is taken from Ref. [10] . We have indicated the result of the fit "scalar" (blue, hatched ellipse) and the SχPT prediction of Ref. [29] (red, filled small ellipse).
the final result shown in Eq. (11.2) of Ref. [5] is consistent with our global fit, which leads to (2a 
Subthreshold parameters
In the low-energy domain the ππ amplitude is strongly constrained by chiral symmetry, crossing and unitarity. As was first shown in Ref. [18] , the amplitude depends on only six parameters up to and including terms of order (p/Λ H ) 6 in the low-energy expansion. In Ref. [8] , the amplitude was written as:
where A cut is a known function of the Mandelstam variables s, t, u that collects the unitarity cuts of the amplitude and explicitly depends on α, β, λ 1 , λ 2 .
This amplitude was constructed as the general solution of unitarity, analyticity and crossing symmetry up to and including O(p 6 ). The six parameters α, β, λ 1 , . . . , λ 4 correspond to an expansion of the amplitude in the central region of the Mandelstam triangle, and are therefore called "subthreshold parameters". A complete calculation in the framework of Standard χPT [9] confirmed this result, allowing in addition to relate the six parameters to the quark masses and LEC's of the standard chiral Lagrangian. This last step is crucial to translate the experimental information into knowledge of the LEC's, which parametrize the chiral structure of the vacuum of QCD. The six parameters introduced in Ref. [9] ,b 1 , . . . ,b 6 , are dimensionless combinations of LEC's in one-to-one (linear) correspondence with α, β, λ 1 , . . . , λ 4 of Ref. [8] , or with c 1 , . . . , c 6 , subsequently introduced in Ref. [20] . Different choices for the set of six subthreshold parameters correspond to different parametrizations of solutions of unitarity, analyticity and crossing symmetry constraints, which are equivalent up to O(p 6 ) and only differ at O(p 8 ).
On the other hand, the Roy equations allow one to determine the low-energy amplitude in terms of only two subtraction constants, identified with the two scalar scattering lengths. It is therefore possible to match the two amplitudes in their common domain of validity, in order to determine, through the experimental determination of the scattering lengths, the six subthreshold parameters. Such a program was already advocated in Ref. [30] , leading to rapidly convergent sum rules for the parameters λ 1 , . . . , λ 4 . A similar matching procedure, using new solutions of the Roy equations, has been carried out in Ref. [29] (subtracting the dispersion integrals at s = 0). Let us briefly outline the various steps, using the notation and results of this last reference.
Starting with particular values of a [29] can then be used to translate the chiral parameters c i=1...6 into the parametersb i=1...6 defined in Ref. [9] , and finally into α, β and λ i=1... 4 .
We can repeat this procedure for each set of (a 0 0 , a 2 0 ), as determined from the "global" and "scalar" fits, or (a 0 0 , a 2 0 , θ 0 , θ 1 ), as determined from the "extended" fit, described in the previous section. In order to take full account of the theoretical and experimental correlations among the six parameters, we proceed in the following way: we generate random sets of (a Table 1 . ρ αβ denotes the correlation coefficient between α and β.
The slightly larger error bars of the "extended" fit, compared to the ones of the "global" fit, reflect the influence of the uncertainties in θ 0 and θ 1 , which in the "global" fit are not explicitly taken into account. The differences in the central values between these two fits (although compatible within the errors) may be ascribed to the fact that the "extended" parametrization is not as accurate as the ACGL one, due to the fact that the former has to account for the dependence on two more variables. The column referring to the "scalar" fit should be understood as originating from a mixture of E865 data and χPT-based theoretical predictions that rely on assumptions about the size of O(p 6 ) counterterms (see Sec. 7). For this reason the associated errors should not be inter- . We have observed a weak sensitivity of λ1 and λ2 on the interpolation prescription. On the other hand, the values of α and β are independent of this procedure. Correlation between α and β from the fit "scalar" (blue, dashed ellipse) and our fits (black, solid for the "extended" and red, dotted for the "global"). The thicker lines correspond to the 1-σ ellipses, whereas the thinner ones indicate the 2-σ ellipses (not shown for the "scalar" fit).
N f = 2 Mass and Decay constant Identities
In order to investigate the consequences of the results obtained so far for the parameters of the effective Lagrangian, we start with the Ward identity satisfied by the two-point function of the divergence of the axial current uγ µ γ 5 d and of its conjugate at zero momentum transfer. We isolate all LO (linear) and all NLO (quadratic) contributions in the quark mass m = (m u + m d )/2, and collect all O(m 3 ) and higher order terms into the NNLO remainder δ:
Here
are defined in the SU (2) × SU (2) chiral limit, keeping the strange quark mass at its physical value:
A similar identity holds for the two-point function of axial minus vector currents, giving
On the right hand side, all LO and NLO contributions are again explicitly shown, and all higher orders -O(m 2 ) and higher -are included in the NNLO remainder ε.l 3 andl 4 are the standard SU (2) × SU (2) LEC's, which are scale-independent and exhibit logarithmic singularity in the chiral limit. They can be defined non-perturbatively, via the low-energy behaviour of the two-point functions that enter the Ward identities considered above. It may be useful to consider the NNLO remainders δ and ε in Eqs. (22) and (26) as known, and to treat the mass and decay constant identities exactly, not performing any expansion. This avoids the use of perturbation theory when eliminating the order parameters M 2 and F 2 in favour of observable quantities. We will see later that, despite the fact that α − 1 need not be particularly small, this nonperturbative precaution is not absolutely necessary in the N f = 2 case. It will however, be fully justified in the case of three light flavours. In any case, the above methodwhich does not coincide either with the Standard or with the Generalized χPT -is completely meaningful no matter how largel 3 or how small the condensate might be.
The fundamental order parameters, in appropriate units, the condensate and the decay constant defined as:
are related to the observables M π , F π , to the LEC'sl 3 andl 4 and to the NNLO remainders δ, ε by the following identities:
In the last three equations, we have denoted
The ππ subthreshold parameters α and β can be expressed similarly. Reading the LO and NLO perturbative contributions to F 
It may be expected -at least for the moment -that the NNLO direct remainders δ α and ε β are not more important than the uncertainties in the determination of the parameters α and β from experimental data.
Determination of LEC's and order parameters
If we expand the previous expressions of α and β in powers of ξ, we obtain the following (linearized) expressions in term of the LEC'sl 3 andl 4 :
This is an excellent approximation, unlessl 3 orl 4 become "too" large. However, even if one of them were large, the non-linear equations (32) and (33) of the previous section would still be exact identities; moreover, the definition of ℓ 3 andl 4 in terms of two-point functions is independent of their magnitudes. We can use Eqs. (34) and (35) to translate our determination of (α, β) into a 1-σ contour plot in thel 3 −l 4 plane. In Fig. 3 , we show three ellipses corresponding to those in the α − β plane displayed in Fig. 2 above. If we use the formulae Eqs. (28), (32) and (33), but now without linearizing, the previous ellipses are deformed, as shown in Fig. 4 (solid lines) . The corresponding contours in the X(2) − Z(2) plane are plotted in Fig. 5 . Up to now, we have neglected the indirect remainders δ and ε as well as direct remainders δ α and ε β . In the case N f = 2, we expect these NNLO quantities to be less than 1%, since Eqs. (22) and (26) are obtained by an expansion in powers of the nonstrange quark mass. This leads to a (small) additional broadening of the 1-σ regions, as seen in the plots with thinner lines in Figs. 4 and 5 (δ α and ε β are negligible compared to the present uncertainty in the parameters α and β). Fig. 4 that we obtain rather large and negative values ofl 3 , compared to the standard expectation of 2.9 ± 2.4. This can be interpreted as a consequence of an important OZI-rule violating transition Eq. (1) leading to a larger value of the N f = 3, large-N c suppressed constant L r 6 (M ρ ), than usually assumed. Sum rule estimates of the latter [12, 15] support this interpretation. Notice that the OZI rule is an important ingredient of the standard estimates ofl 3 [3] . We will return to this question elsewhere [23] .
It is clear from
In Fig. 5 , we see that the two-flavour GOR ratio X(2) is constrained (at one sigma): X(2) = 0.81 ± 0.09. In Ref. [32] , this ratio has been theoretically analyzed, including the O(p 6 ) double chiral logarithms of Generalized χPT, determining X(2) as a function of α + 2β and other LEC's. A combination of the results of the latter analysis with the present (correlated) values for α and β leads to a range of values for X(2) completely consistent with ours. Further examination of Fig. 5 shows that F/F π is also limited to a rather narrow band, (F/F π ) 2 = 0.90 ± 0.03. Let us mention that the difference seen in the (α, β) plane between the various fits reappears clearly here. The scalar fit (and the CGL prediction) favours larger values of X (2) and lower values of Z(2) than the global/extended fit. . 1-σ ellipse in thel3 −l4 plane, from the fit "scalar" (blue, dashed ellipse) and our fits (black, solid for the "extended" and red, dotted for the "global"), using the linearized formulae.
7 Comments on the correlation between scattering lengths and the scalar radius of the pion A relation between 2a 0 0 − 5a 2 0 and the scalar radius of the pion based on two-loop χPT has been derived in Refs. [10, 29] . For the current value of the scalar radius r 2 s = 0.61 ± 0.04 fm 2 , this prediction results in the narrow strip in the a 0 0 − a 2 0 plane shown in Ref. [10] and reproduced here in Fig. 1 . The accuracy of this prediction is not only conditional on the experimental error, but also on theoretical assumptions and "rules", which are a priori reasonable and natural, but not necessarily true.
First of all, these assumptions concern the estimates of the O(p 6 ) corrections [20, 29] . Although it is generally admitted that for certain observables (e.g. scattering lengths), these corrections could be enhanced, it is expected that for quantities receiving a weak contribution from O(p 4 ) loops, the whole chiral expansion will rapidly converge. An example of this rule of thumb which is relevant for the present discussion is the quantity C 1 − M 2 π r 2 s /3, which does not contain O(p 4 ) logarithms at all. (C 1 stands for a combination of subthreshold parameters defined in Ref. [29] .) We shall argue that this fact does not prevent the corresponding O(p 6 ) corrections from being relatively important. (An alternative "rule" is conceivable [23] : expand QCD correlation functions at kinematical points sufficiently distant from all Goldstone boson singularities. Such rule is a priori not less or more natural.) Next, it is usually assumed that O(p 6 ) counterterms at a suitable scale can be estimated via the narrow resonance saturation [9, 29, 33] . In fact, already at O(p 4 ) this assumption fails in channels where 1/N c -corrections are large and/or the OZI-rule is strongly violated. This is what likely happens in the scalar channel, which is particularly relevant for the present discussion. Furthermore, the existing resonance estimates of O(p 6 ) counterterms have been so far based on a "resonance effective Lagrangian L res " involving (and missing) the same resonances with the same "minimal resonance couplings" as in Ref. [34] , originally used to estimate the O(p 4 ) LEC's. It has often been argued [35, 36] that additional non-minimal couplings are necessary to avoid conflicts with the QCD short-distance behaviour of two-and three-point functions, especially if the latter involve (pseudo)scalar currents. The estimates of the corresponding O(p 6 ) counterterms r 1 , r 2 , r 3 , r 4 , r S can be affected by these new resonance couplings. We shall return to the resonance estimates of the r n 's shortly. Finally a remark should be made about the dispersive estimate of r 2 s in Ref. [21] , and the uncertainty related to it. The pion scalar form-factor and radius are not experimentally measurable quantities -information about them can only come from indirect theoretical constructions. In contrast to the case of the (observable) vector form-factor, QCD does not restrict very much the high momentum behaviour of the scalar form-factor. It even does not guarantee that the latter satisfies an unsubtracted dispersion relation. Consequently, the dispersive evaluation of r 2 s suffers from a certain model dependence concerning the higher momentum contributions; this is usually not discussed in the literature. The quoted uncertainty should not be interpreted outside the framework of the model used in evaluating the scalar radius.
Most of these critical remarks are obviously not new. It might however be useful to keep them in mind when discussing the origin of the discrepancy between our modelfree determination of scattering lengths from the data and the CGL narrow strip prediction [10] . The origin of the narrow strip Eq. (17) Table 2 . The O(p 6 ) correction amounts thus to 5% in the scalar case, and 3% in the global one.
This size of O(p 6 ) corrections is consistent with general expectations. On one hand, NNLO contributions to "smooth" observables -typically, QCD correlation functions far from Goldstone boson singularities -are expected at 1% level (see the NNLO remainders δ and ε in Sec. 5). On the other hand, we expect an enhancement of higherorder corrections to infrared-singular "threshold quantities", such as scattering lengths [20, 29, 30] . Let us emphasize that, in order to reproduce the narrow strip of Ref. [10] , the two-loop correction δ a has to be known very precisely: this is no longer a matter of a modelindependent low-energy theorem [31] nor of an accurate knowledge of r 2 s . In particular, the CGL prediction [10] would be brought into agreement with the present determination of a 0 0 and a 2 0 by the "global" fit described in Sec. 3, if the O(p 6 ) correction δ a were reduced by factor 2, even if the scalar radius were not modified.
To understand the structure of the O(p 6 ) correction δ a , we follow Ref. [29] and write:
α 1 is a combination of phenomenological moments defined in Eq. (6.4) of Ref. [29] . C 1 collects polynomial coefficients in the chiral representation of the scattering amplitude. Its expansion in powers of m reads [29] :
where 
and the scale-dependent O(p 6 ) counterterms
Comparing with Eq. (36), the O(p 6 ) correction δ a is seen to consist of two parts:
δ M is essentially the phenomenological moment M 4 π α 1 from which the leading infrared singularity has been subtracted:
With the help of Eq. (6.8) of Ref. [29] , one easily checks that in the chiral limit m → 0 all O(p 4 ) contributions on the right-hand side of Eq. (44) exactly cancel. In practice, however, M 4 π α 1 is obtained by evaluating infrared singular sum rules using physical scattering lengths and not their values in the chiral limit. Consequently, the quantity δ M is expected to be sensitive to the infrared enhancement of higher order corrections to the scattering lengths. One obtains:
for a 0 0 and a 2 0 inside the "scalar" and "global" ellipses respectively. The second part of the O(p 6 ) correction δ a is due to ∆ 1 :
As shown in Eq. (40), the latter depends on the O(p 4 ) constantsl 1 ,l 2 ,l 3 ,l 4 and on the countertermsr 2 ,r 3 ,r 4 ,r S2 describing O(p 6 ) symmetry breaking effects in the scalar sector. The CGL prediction [10, 29] of the strong correlation Eq. (17) between scattering lengths originates from a particular matching procedure worked out in Ref. [20] , and from the resonance estimate of O(p 6 ) counterterms [9, 29, 33] , whose practical outcome is the fact that δ 1 is negligibly small and the whole two-loop correction δ a reduces to the contribution δ M as shown in Eq. (45). This conclusion is independent of the actual error in the dispersive estimate of the scalar radius r 2 s = 0.61 ± 0.04 fm 2 . The smallness of δ 1 can indeed be justified within the framework defined by the assumptions summarized at the beginning of this section. To illustrate this point, let us concentrate first on a 0 0 and a 2 0 inside the ellipse resulting from the "scalar" fit. Choosing the scale µ = 770 MeV (δ 1 is scale-independent), we write
where the counterterm part (at the scale µ) is:
whereas the loop part δ ℓ is given in terms of O(p 4 ) constantsl 1 ,l 2 ,l 3 ,l 4 . We take [29] :
and forl 3 ,l 4 we use the result of the "scalar" fit represented by the corresponding ellipse in Fig. 3 . This leads to the estimate δ ℓ = 0.0004 ± 0.0083. Using the resonance estimates of the r's [9, 33, 29] which are obtained according to the prescription mentioned above and assuming that the typical mass scale relevant in the scalar channel is M S = 1 GeV, one obtains δ CT ∼ 0.00025. The authors of Ref. [29] assume that this estimate (r 1 = −1.5,r 2 = 3.2,r 3 = −4.2,r 4 = −2.5,r S2 = −0.7) holds within a factor of 2. We can even relax this detailed estimate in favour of a more crude order of magnitude:
which is expected to hold for O(p 6 ) constants describing symmetry breaking effects in the scalar channel. The crucial point here is the dependence on the effective scalar mass M S . As long as M S ∼ 1 GeV, δ CT will remain small: adding individualr n contributions randomly (r n ∼ ±1.8), one gets in this case δ CT ∼ ±0.0012. The whole twoloop correction δ a is then obtained by adding δ M given by Eq. (45) with the estimates of δ ℓ and δ CT . One obtains δ a = 0.034 ± 0.010 in agreement with the value of δ a required by the scalar fit and shown in Table 2 .
We now return to the result of our paper indicating a deviation of the CGL narrow strip from experiment. Let us assume for the moment that the value of the scalar radius remains unchanged. Then, according to Table 2 , the actual value of the two-loop correction δ a = 0.020 ± 0.015 is no longer saturated by δ M = 0.037 ± 0.005 and consequently δ 1 can no longer be negligible. The loop part δ ℓ can be estimated as before. Taking the same values Eq. (50) of ℓ 1 , ℓ 2 and using for ℓ 3 , ℓ 4 the results of the global fit (see the corresponding ellipse on Fig. 3 ), one obtains in this case 5 δ ℓ = 0.0096 ± 0.0076. This allows the extraction of the required value of the O(p 6 ) counterterm combination δ CT . Parametrizing the possible variation of the scalar radius by:
one obtains the final estimate for the combined effect of δ CT and δ r (our analysis does not allow us to disentangle these corrections):
This means that both O(p 6 ) contributions -the subtracted infrared singular moment δ M and the symmetry breaking counterterms -are basically of the same order of magnitude. This is still consistent with the crude order of magnitude estimate of Eq. (51), provided the effective mass scale M S characteristic of the scalar channel contributions is reduced by a factor 2: M S ∼ 500 MeV. This could indeed be a rather natural (though rough and qualitative) way how to account for the exceptional role of the ππ continuum and of the OZI-rule violation in the scalar channel. In this case, the estimate Eq. (51) leads to |δ CT | ∼ 0.019, in qualitative agreement with Eq. (53), provided δ CT is negative.
Conclusion
Low-energy ππ scattering has long been recognized as the golden observable to access the chiral structure of QCD vacuum. From one side the Roy equations allow a completely model-independent experimental determination of the two S-wave scattering lengths a 0 0 and a 2 0 . Chiral symmetry can then be used to translate this information into knowledge of the LEC's of the chiral Lagrangian. In this 5 All the above estimates of the loop part of ∆1 can be reproduced by using its expression in terms of a 0 0 and a 2 0 , which arises from the matching with the Roy equations' solutions.
paper we have followed these two steps using recent data on K e4 decays published by the E865 Collaboration. Contrary to previous analyses, we did not rely on any theoretical assumption about the correlation between a and the scalar radius of the pion [10] obtained in the standard two-loop χPT. If the dispersive determination of the latter, r 2 s = (0.61 ± 0.04) fm 2 is used, one finds a disagreement at the 1-σ level. It is possible to turn the argument around, and interpret this discrepancy as a measurement of O(p 6 ) counterterms that contribute to the above theoretical relations. The latter come out larger than expected by the usual resonance saturation assumptions; this fact might be the manifestation of the exceptional status of the scalar channel, characterized by a strong ππ continuum and OZI rule violation.
The same conclusions are reached once we include in the Roy equations solutions the dependence on the phases at the matching point, √ s = 800 MeV, θ 0 and θ 1 . These two quantities are likely to represent the most important source of theoretical uncertainty for the Roy solutions, aside from the one on the driving terms. Our extended Roy solutions concretely parametrize the theoretical error on the phaseshifts, for a given value of a This makes still more crucial the outcome of new precise experiments on ππ, which are either planned [25] or ongoing [24] . In particular, more accurate K e4 data in the region of higher s ππ could eventually allow a simultaneous determination of both a [10] . No determination of a 2 0 is reported in [1] . In this respect it is interesting to notice that the observed experimental correlation between a After determining the scattering lengths, we have studied the consequences for the ππ subthreshold parameters, by means of a matching procedure with the chiral amplitude. The influence of the uncertainty in θ 0 and θ 1 is only apparent in the parameters λ 1 and λ 2 , whereas the others, in particular α and β, are practically independent thereof. These last two parameters are intimately related to the two main order parameters of SU (2) × SU (2) chiral symmetry, the quark condensate and the pion decay constant in the SU (2) chiral limit, keeping the strange quark mass at its physical value. The result for the two-flavour GOR ratio X(2) = 0.81 ± 0.09 corresponds to a large and negative central value for the LECl 3 ∼ −18, to be compared with the standard expectationl 3 = 2.9 ± 2.4. Since this constant is rather sensitive to the OZI rule violating constants L 4 and L 6 of the three-flavour chiral Lagrangian, this conclusion seems to corroborate previous indications concerning the size of OZI rule violation [12, 15] in the scalar channel, namely the value of L 6 .
Finally, we would like to stress that, although crucial for understanding the pattern of N f = 2 chiral symmetry breaking, ππ scattering alone does not tell us anything about the important question of the dependence of chiral order parameters on N f . In particular it cannot be used to disentangle the "genuine" condensate of the purely massless theory, from the one "induced" by massive (but light) strange quark pairs. Nevertheless very accurate lowenergy data on ππ scattering still represent an essential ingredient in a combined SU (3) × SU (3) analysis and forthcoming determination [23] of the three flavour condensate Σ(3), the quark mass ratios and other "strange" features of the QCD vacuum. For this program, new low-energy ππ and πK scattering data are of obvious interest. 
A Treatment of errors for ACM(A) data
As discussed at the end of Section 3, it was proposed in Ref. [5] to take into account (unknown) systematic errors in method A of Ref. [6] , by enlarging errors of ACM(A) solution in the following way. Consider for each energy bin the phase shift of solution A (δ A ± ∆δ A ) and the one of solution B (δ B ±∆δ B ). The difference |δ A −δ B | is supposed to reflect systematic errors of method A. The prescription advocated in Ref. [5] consists then in adding in quadrature this difference to the error ∆δ A quoted in Ref. [6] . The ACM(A) solution with enlarged errors is thus defined as:
The "global" and "extended" fits can be performed with these enlarged errors for ACM(A) phase shifts. The corresponding 1-and 2-σ contours for the S-wave scattering lengths are plotted in Fig. 6 , while Table 3 summarizes the changes occurring to the various quantities considered in this paper. Let us mention that the nonlinear Eqs. (28), (32) and (33) have been used to computel 3 andl 4 , and a contribution of the NNLO remainders δ, ε ≤ 1% is included in the error bars of X(2) and F 2 /F In Ref. [5] , the Roy equations were solved for the particular choice of phase shifts at the matching point: θ 0 = 82.0
• , and the dependence on a 0 0 and a 2 0 of the parameters X = A, B, C, D, s was parametrized according to Eq. (6).
We have followed the same procedure as in Ref. [5] , with the only difference that θ 0 and θ 1 are explicitly treated as variables. After generating Roy solutions for θ 0 ∈ {78.9
• , 82.3
• , 85.7
• } and θ 1 ∈ {106.9
• , 108.9
• , 110.9
• }, we then performed a fit of the form of Eqs. (5), (6) and (8) • , θ 1 = 108.9
• ). The parameters b i have then been obtained by fitting Roy solutions with δθ 0 = 0 and δθ 1 = 0, and the parameters c i with δθ 0 = 0 and δθ 1 = 0. At each step, the fit has been performed at the level of the phase shifts, and not of the Schenk parameters, in order to ensure a smooth dependence on (a 0 0 , a 2 0 , θ 0 , θ 1 ). We have checked that this parametrization was adequate, even for solutions with both non-vanishing δθ 0 and δθ 1 . The maximal gap between any solution and our parametrization is at most 1% in the I = 0, 1, 2 channels.
The coefficients resulting from the fit are expressed in units of M π , and the phase shifts θ 0,1,2 are in radians. For 
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